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Abstract. Consider a random smooth Gaussian field G{x) : F — >■ R, where F 
is a compact in R"* . We derive a formula for average area of a surface generated 
by the equation G{x) = and give some applications. As an auxiliary result 
we obtain an integral expression for area of a surface induced by zeros of a 
non-random smooth field. 

Keywords: random Gaussian field, surface area, Favard measure, coarea 
formula. Rice formula. 



1. Results 

Consider a compact set F C M"*. By dF denote the boundary of F. We assume 
that the area of dF is finite (the notion of area is defined below). Let G{x) : F — > R 
be a random Gaussian field. Put m{x) = EG{x) and (J^{x) = Ya,iG{x). Here and 
below we assume that a{x) > for all x G F and G G C^{F) a.s. It is known 
that the supremum of a continues Gaussian field defined on a compact is summable 
(see [13). Therefore, by Kolmogorov's Theorem on differentiation of mathematical 
expectations with respect to a parameter (see 0]), we have m,a G C^{F). Let 
G[,(j[ denote partial derivatives of G,(j with respect to ith variable. By V denote 
a gradient of a function (a vector field whose components are partial derivatives). 

Consider a zero set of the field G 

G~^{0):=^{xe F\G{x) =0} . 

With probability one G^^{0) is a compact smooth {d— l)-dimensional submanifold 
in W^, i.e., a compact smooth surface. 

The problem we are interested in is a calculation of average area of the surface 
G~^(0). Substituting G/aiov G does not change G~^{Q). Therefore we may assume 
that (7=1. We prove that 

(1) EAd-i[G-i(0)] = ^ / e-"'(")/2E||yg(_^)||^^_ 

V27r J F 

For this purpose we derive an auxiliary formula for area of a surface generated by 
zeros of a non-random smooth field g{x) : — )• M: 

(2) Ad_i[.g-i(0)] I du [ cos[ug(x)] \\Vg{x)\\ dx. 

Before we proceed with the exact results formulation, we need to define the notion 
of area. There exist several well-known definitions of area of a (d— l)-dimensional 
submanifold in R'^: a surface Lebesgue measure, a Hausdorff measure, a Favard 
measure. In general they are not equivalent. However in case of compact C^- 
smooth manifolds all three definitions coincide. Therefore we may choose any one. 
To prove ^ the best choice for A^-i is a Favard measure (for exact definition see 
Sect. [S]). If d = 1, then by Ao(^) we denote the cardinality of a set A (may be 
infinite) . 
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Recall that F is supposed to be compact and Xd-i[dF] < oo. 

Theorem 1. Suppose g G C^{F) and 

(a) A<i_i[(Vg)-i(0)] <(X); 

(b) \d-i[g-Ho)ndF]^o. 

Then (0) holds. 

Remark. The proof of Theorem [7] shows that it is possible to get rid of condition 
(h). Then ^ becomes 

1 1 /"^ /■ 

Arf_i[.g~'(0)] - -Arf_i[.g"'(0) ^dF]^— j du cos[ug{x)] \\Vgix)\\ dx . 

We shall not exploit this generalization at a later stage. 

Theorem 2. Suppose a random field G G C^{F) a.s. and 
-1 



(a') I]Xd-i[[V^) (0)J <oo; 
(b') a{x) > for all x e F. 
Then 



V- 



dx 



(3) EA„_,[G-(0)l = -I=/^exp{-£|I}E . ^^^^ 

The proofs of the theorems are in Sect. 21 The auxiliary lemmas are in Sect. 121 
The applications of Theorem [51 are in Sect. [51 

2. Applications of Theorem |21 

2.1. Coarea formula. 

Example 1. Suppose a function g satisfies the conditions of Theorem]^ Then 

(4) / Xd-i[g~\u)]du^ f \\Wg{x)\\dx. 



J -oo J F 

Proof. Consider G{x) — g{x) — ^, where ^ is a Gaussian r.v. with = and 
= cr^ Then © becomes 

To obtain Q it remains to multiply both sides by v^trt^ and apply the Monotone 
convergence theorem (as cr — >■ cx)). □ 

Relation (jj]) is called "the coarea formula". It was obtained by H. Federer in [7]. 

2.2. Centered Gaussian field. By W^^^ denote a (d— l)-dimensional unit sphere 
with a Lebesgue measure fid-iids). 

Example 2. If G{x) satisfies the conditions of Theorem\^ and m{x) = 0, then 

(5) EAd_i[G-i(0)] = ^^^^ dxj^^_^ , 
where S(x) is a covariation matrix of V {G{x) / cr{x)} . 

Proof. The proof is by Lemma [71 (see Sect. [3]) which we apply to ([3]). □ 
Remark. Relation ([5]) is easily extended to the case of m{x) = u,a{x) = 1: 

p/ d+l \ . 

(6) EA,_i[G-i(0)] = e-^'/^dx J^^_^ ^ s-^i:{x)s fi^-iids). 
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Corollary. Under the conditions of Example\^ 

(7) EAd_i[G-i(0)] 

r(ii±i) r r r 1 



jf Js<i-i L.~3i 



27r(d+i)/2 

Proof. The proof follows from the fact that 



1/2 

/Xd_i(ds) 



S = 



2.3. Linear Gaussian field. 



□ 



Example 3. Suppose G{x) = {h{x),0, where h ^ . . . , /i")^ : F ^ W is a 
vector function from the class C^{F) and ^ is a n- dimensional centered Gaussian 
vector with the identity covariation matrix. Then 

(8) EArf_i[G-i(0)] = 2^3^/2 j/"^ \\Mx)4l^d-i{ds) , 

where Ju is the Jacobian n-by-d matrix ofh/\\h\\. 

Proof We have S = J^^A in ©. □ 

Remark. // we consider a centered Gaussian vector with an arbitrary covariation 
matrix A, then S = AJh and ^ becomes 

EAd_i[G-i(0)] = 2^['i^)/^ j/'' ^s-TJ^{x)AAix)stid-i(.ds) . 

For d = 1 this formula was obtained by A. Edelman and E. Kostlan in [51 Theo- 
rem 3.1] . 

Corollary. Suppose under the conditions of Example\^the rank of Jh equals k. By 
Ui, . . . ,<7k denote the nonzero singular values of the matrix Jh, i.e., the nonnegative 
square roots of the eigenvalues of JhJ^ . Then 

EA._i[G-i(0)] = 1^ dxj^^_^ (^j^a,{x).s]j'\d-i{ds) . 

Proof. It is known from linear algebra (see, e.g., [5]) that the matrix Jh may be 
written in the singular form Jh = VQW, where V, W are n-by-n and d-hy-d unitary 
matrices. The n-by-d matrix Q is diagonal. The diagonal elements are the singular 
values of the matrix Jh . We have 

\\Jh4 = \\VQW.s\\ = \\QWs\\ . 

To conclude the proof, it remains to apply this to ([8]) and make a change of variables 
s' = Ws. □ 

Now we derive another form of E Ad_i[G^^(0)] which will be useful for us later. 

Example 4. Under the conditions of Example 

r(^) 



(9) EArf_i[G-i(0)] 



27r(<i+i)/2 
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wh 



ere 

h' - (— — 

' \ dxi ' ' dxi 

Proof. We have 

a^\\h\\, EG^G; = (^U;), a[ = \\h\\-\hM:) . 
It remains to apply ([7]). □ 

2.4. Zeros of random polynomial. 

Example 5. Consider G{t) — ^„t" + • • • + + ^o, ^ G C K, where {^i} are 
independent standard Gaussian random variables. Then 

EA„|G-(0,|.l/ 

w/iere 

n n 

^nW-E^''' SnW=Ej*''"'' C^nW^E^''^''"'- 

j=0 j=0 3=0 

Proof. The proof follows from (|9]). □ 

This formula was obtained by M. Kac in [5]. He also derived the asymptotic 
relation 

EAo[G"^(0)] = -logn- (1 + o(l)), n ^ oo , 

TT 

for F — [— cxD, oo]. 

2.5. Random algebraic surface. 

Example 6. Consider G{x) — "Ylia ^aX°' , where a ~ (ai, . . . , ad) is a multi-index, 
the .summation is taken over all asuch that ^ aj ^ n, and o,fe independent 
standard Gaussian random variables. Then 

(10) EAd_i[G-i(0)] 

r(^) ( , [ (^ A^{x,)Cr.[x.)-Bl{x.) 

Proof. Using the notations of Subsection 12. 3[ we get 

d 

\\h{x)r=Y,x'- = X{Ar,{x,), 

a fe=l 

{h{x),K{x)) = ^^11^(^)11' = B,,{x,)\{A,,{xk) 

and 

where denotes the multi-index in which the i-th position is occupied by one and 
all the other positions are occupied by zeros. These relations imply that for i ^ j 

\\hf{K,hr)~{KK){h,h'j) = o 

and for i — j 

lll,l|2/i/ i/\ /I ulMU u' \ II J ||4^"('^i)^"('^i) ~ 

WH {h„hj) - {h,h,){h,h^) ^\\h\\ . 

It remains to apply □ 
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Formula (ITU)) was obtained by LA. Ibragimov and S.S. Podkorytov in [2]. They 
also derived the asymptotic relation 



E Ad_i[G-i(0)] - ^^Xd-i[F n r] • (1 + 0(1)), n^oo, 



where 



provided that Xd-i[dF n T] = 0. 

2.6. Random surface of Kostlan-Shub-Smale. 

Example 7. Consider G{x) = '^a^ax"', where the summation is taken over all 
nonnegative a such that ai + - ■ ■ + ad ^ n and OLTe independent Gaussian random 
variables with E^q = and D^^ = C", where 

_ 'J^ 

" Qfi! . . . ad^-{n — Oil ^ ■ ■ ■ — ct)! 

Then 

r(^) f dx 



27r(d+i)/2 J 1 + 



EArf_i[G-i(0)] = y^-A^ / -— ^ / ^l + \\xP-{x,s)^f,d-i{ds) 



Proof. Using the notations of Subsection 12. 3[ we get 

{hix),Kix))^- — \\him'=nx,[l + J2xlj . 

For i 7^ j 

{h'^{x),h'j{x)) ^^C^a^x"-''ajX°'-'^ 

a 

/ d \ n-2 

= n{n - l)x,Xj J2 C^Z^^'^x^"-^''-^"' = n{n - l)x,Xj U + J^ ' 

a ^ k=l 

and for i ^ j 

{h',{x),h'^{x)) =J2Cna^x''-''a,x''-'' 

a. 

a a 

= " E err + nin - l)x^ E e» 



\ n— 1 / d si 

l + E^fe +ri(n-l)x2 i + ^xn 
fc=l ^ ^ fc=l ^ 

These relations imply that for i j 

/ d ^ 2n-2 

^ k=l ' 
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and for i = j 

/ d \ 2n~2 / d 

WhfiK^ h'^) - {h, K) {K - n 1 + ^ 4 1 + E ^ 

^ k=l ^ ^ k=^i 

Therefore, using © we get 

'd+l\ p / d V -1 



^ ^ k=l ^ 
^ / d d y d \ \ 1/2 

X J^^_^ ^-Yl/^iXjSiSj + '^i^l + '^xljs^^j Hd-i{ds) 



^^"^^ -/^ / (l + ||xf)-ida; / ^l + \\x\\^-{x,s)^ fid-lids) 



□ 

Remark. Thus, 

where Cp depends only on F and d. M. Shub and S. Smale obtained a similar result 
for the number of zeros of a system of d polynomials in [13) . 

Corollary. For d = 1 we get 

dx 

r(l +a:2) ■ 

This relation was obtained by E. Kostlan in [5]. 



EAo[G-i(0)] = / - 



2.7. Random trigonometric surface. By \F\ denote a volume of F (i.e., a 
Lebesgue measure in W'). 

Example 8. Consider 

G{x) = E] [fa cos(a, x) + r/a sin(a, x)] , 

a 

where the summation is taken over all a such that ^ aj ^ n and , o-re 
independent standard Gaussian random variables. Then 



{h'^{x),h'j{x)) = E"«"j 



Proof. Using the notations of Subsection 12. 3[ we get 

\\h{x)f = {n + I f , {h{x), K{x)) = \^\\h{x)r = 

and 

(„ + l)<i-2(^!i(!Ltl))' fori^j, 
(n + l)'^-i "("+^f"+^) iovi=j. 
It remains to apply □ 

Corollary (1). 

E Ad_i[G-i(0)] = Cd\F\n ■ (1 + o(l)) , n ^ oo , 
where Cd depends only on the dimension d. 



ON RANDOM SURFACE AREA 



7 



Corollary (2). For d = 1 we get 



This formula was obtained by C. Quails in [llj . 
2.8. Level sets of homogeneous Gaussian field. 

Example 9. Let G{x) be a homogeneous Gaussian field with a spectral measure 
V. Suppose V satisfies the conditions of Theorem]^ For the sake of simplicity, we 
assume that m{x) = and a{x) = 1. Then 



Proof. By the spectral representation theorem, 

Y.G{x)G{y)^ I e'^^'-y^'^iyidz) . 
Differentiating this twice and putting x = y = 0, we get 

EG^(0)G^(0) = / z,zji^{dz) . 
Applying ([6]) to G{x) — u, we obtain 
EXd-i[G-\u)] 



27r(d+i)/2 



/ SiS] / z^Zjv{dz)] fid^i{ds) 



27r(d+l)/2 I 



l^^le-" " I {s,zyv{dz) txd-i{ds) 



□ 



Corollary (1). We have 

-7ie-"^/^|FKEA,_i[G-i(0)] -±^j,e~-'/'\F\ . 

where 



l/k 



Proof. By Jensen's inequality, Fubini's theorem and Lemma[2](see Sect. [3]), we get 

(s,z)^i/((iz) I ^d-iids) ^ / iid-i{ds) I \{s,z)\v{dz) 



v{dz) I \{s,z)\nd-i{ds) ^ T^.rf+n ll^ll ^(^^) ^ -n^rf+iN 71 



On the other hand, it follows from the Cauchy — Schwarz inequality that ||(s, z)|| ^ 
||s||||z|| = ||z||. Therefore, 

{s,zfiy{dz)j ^id-i{ds) i^ujd-iyj ^\\z\\'^i^{dz)j = ' 

□ 
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Corollary (2). For d = 1 we get 

TT 

This formula was obtained by S. O. Rice in jl2] . 

3. Auxiliary lemmas 

Let us recall that to define a. (d — l)-dimensional Favard measure of a set A, 
project it onto a (d— l)-dimensional linear hyperplane, take the Lebesgue measure 
(counting multiplicities), average over all such projections, and normalize properly: 



(11) 



rW) 

2tt— 



where s"*" is the linear hyperplane orthogonal to the unit vector s G S'' ^ and {Sjj^}*^ 
is the line through y G orthogonal to s-^. 

Let us introduce the notations which we shall use in this section. Put 



M 



sup 

R>0 



■ du 



By ujk denote area of a fe- 



lt follows from Lemma [T] (see below) that M < oo. 
dimensional sphere: 

_ 27r('^+i)/2 

= -JlEIif- ■ 

Throughout this section we assume that a function g satisfies the conditions of 
Theorem [T] By g'^ denote a partial derivative of g with respect to the direction 



Lemma 1. For all t El 

(12) 

Proof. See, i.e., [T]. 
Lemma 2. For all x £ 

(13) 



sintu 



■ du — sign t 



□ 



\{x,s)\^ld^l{ds) 



2^('^-i)/2 



Proof. Omit the trivial case when x — 0. Consider a Borel set A such that A C x"*- 
and Ad_i[A] = ||a;||. Let us apply (fTT|) . It is clear that the integrand J^,^ Ao[{ Syj^H 
Ai\dy is equal to area of the projection of A onto the linear hyperplane . On the 
other hand, if we project a set from one hyperplane to another, then area of the set 
multiplies by the cosine of the angle between the hyperplanes. Therefore, 



Ao 



{s^}^nA dy^Xd^M]- 



Applying this to pT|) and replacing A(i-i[A] by we obtain ([T^ . 
The next lemma is due to M. Kac (see, e.g., [3]). 



□ 



Lemma 3. // f(t) continuous for a ^ t ^ b and continuously dijjerentiable for 
a < t < b has a finite number of turning points (i.e., only a finite number of points 
at which f'(t) vanishes in (a,b)) then the number of zeros of f(t) in (a, 6) is given 
by the formula 



(14) 



Ao[/-^(0)] 



1 
2^ 



du 



cos[uf{t)]\f'(t)\dt 
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Multiple zeros are counted once and if either a or b is a zero it counted as 1/2. 

Remark. This statement can he easily extended to the case of the union of a finite 
number of intervals. We shall use this form in the sequel. 

Proof. For the readers convenience we present the proof from [3]. Let ai, . . . , 
be the abscissas of the turning points: 



a = ao < ai < • • • < afc < au+i = b 



We have 



/ cos[uf{t)]\nt)\dt^J2 / cos[uf{t)]\f'it)\dt 

Ja . Q Jaj 



J=0 



= ± / C08[uf{t)]fit)dt\=J2\ ± 



3=0 



sin[u/(aj+i)] - sin['u/(Q;j)] 



where the sign + is attached if f{t) is increasing between aj and aj+i and the sign 
— if it is decreasing. Thus using ([T^ we have 



oo -'a 



— / du I co4uf{t)]\f'{t)\dt 



3=0 



sin[u/(aj+i)] - iiin[uf{aj)] 



du 



3=0 ^ 



sign/(ai+i) - sign/(aj) 



= Ao[/-^(0)] 



□ 



Lemma 4. // f{t) continuous for a t b and continuously differentiate for 
a < t < b has k turning points, then uniformly for R > 



du / cos[uf{t)] \f'{t)\dt 



2M{k + 1) . 



Proof. In the same way as in Lemma [3] we have 



+R 



du / cos[u/(i)] \f'{t)\dt 



3=0 



R 



sin[u/(aj+i)] - sin[uf{aj)] 



du 



k 
3=0 



R 



-du 



-Rf(aj+i) 



+Rfiaj) 



■ du 



2(fc + l)sup 

tGR 



'Rfio',) " 
sin It 



du 



u 



2M{k + 1) 



□ 



Corollary. // we replace [a, b] by a set H consisting of the union of I intervals, 
then uniformly for R > 
.+R 



(15) 



-R 



du / cos[u/(i)] \ f'{t)\dt 



H 



2M{k + 1) 
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Lemma 5. The following inequality holds: 

A<i-i[.9r'(0)]Md-i(ds) Wd-iA<i-i[(Vg)-i(0)] +cjd_2|i^| 

1 

Proof. We have 



s;cjd_iAd_i[(Vg)-i(0)] 



Mrf-i(ds) / l{g',{y)^0}Xd-i{dy) 

l{g's{y) ^ 0} Xd-i{dy) 



n(vs)-i(o) 



It remains to estimate the second summands. If V(?(y) 7^ 0, then the set S{y) = {s € 
S'^~^ \g's{y) = 0} is contained in a unit hypersphere of the sphere S^"-'^ orthogonal 
to 'Vg{y). Consequently Xd-2[S{y)] ^ and by Fubini's theorem, 



Hd-i{ds) 



n(vs)-i(o) 



l{5Uy)-0} \d-i{dy) 



n(Vg)-MO) 



Lemma 6. for all R > 

(16) 



Ad-2['5'(j/)] da; < 



n(Vs)-i(o) 



UJd~2dx = iOd-2\F\ 



□ 



fj.d-i{ds) 



dy 



{(2/:S>=0} 



du 



{a+tse_F} 



cos[M5(y + ts)] Ig'tiy + ts)\dt 



Jd-l)/2 



^ 2M[ujd-i\d-i[{'^gy'm+iOd-2\F\ + ^ \d-i[dF] 



r(^) 



and 
(17) 



du I coB[ug{x)] ||V5(a;)|| dx 



Ad~l)/2 



r^M[^d^,\d-A{^f)-\o)]+^d-2\F\ + Y(i±iy^'^-i[^^] 



Proof. By k(s,y) denote the number of zeros of g'i.{y + ts) (may be infinite) in the 
set {t \ y + ts G F} and by l{s, y) denote the number of intervals of this set (if the 
set is not the union of a finite number of intervals, then we put l{s,y) — 00). It 
follows from (fT5|) that 



(18) 



du 



s$ 2M 



(kis,y) + l{s,y) 



cos[ug{y + ts)] \gt{y + ts)\dt 

l{t I y+tsGF} 

If we project the set g'y^{0) onto the hyperplane {y\ {y,s) — 0}, then k{s,y) is 
equal to the multiplicity of the projection at the point y. A measure does not 
increase under the action of projection, therefore 

kis,y)dy^Xd-i[g',-\0)] , 

plies 

k{s,y)dy s: ujd-iXd-i[iVg)'\0)] + u;d-2\F\ . 



'{{V,s)=0} 

which together with Lemma [5] implies 



(19) 



^id-i(ds) 



{(a,s>=o} 
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Further, applying the definition of a Favard measure to the boundary of F, we get 
(20) / fid-iids) 2lis,y)dy^ Xd-i[dF] . 

JS"-^ J{{y,s)=Q} — J 

Combining (O, ^ and ^ we obtain ([TCI) . 
Let us prove (fTT]) . It follows from (fT3|) that 



l|Vg(x) 



r(^) 



Consequently, using Fubini's Theorem we get 



\{\/g{x),s)\ Hd-i{ds). 



R 



r(^) 



du I cos[M5(a;)] ||V5(a;)|| dx 
R Jf 

R . 

du / dx 

-R Jf Js'i-i 

.R 

dy / du 

Sd J{{y,s)=0} J-R J{x+tseF} 



27r(''-i)/2 
cos[ug(x)] \ {'Vg{x),s) \ Hd-iids) 

/ Hd-i{ds) j 

Jsd J{ 

To complete the proof it remains to apply ([1 



cos[ug{y + ts)] \g[{y + ts)\ dt 



□ 

Lemma 7. Consider an n-dimensional centered Gaussian vector ^ with a covari- 
ation matrix S. Then 

Proof. It follows from and Fubini's theorem that 



Eiieii 



27r('^-i)/2 



E|(e,s)i/^d_i(ds) 



Moreover, 



E|(^,s)|=E|AA(0,l)|yD7|;^= (-) V^Ss^ 
which completes the proof. 



1/2 



□ 



4. Proofs of theorems 
Proof of Theorem [IJ Using (jlip and Lemma |3l we get 



4^(d+l)/2 / 



fXd-iids) 



dy 



{(a,s>=o} 



X / / cos[u(7(j/ + ts)] + ts)| 

-oo J{a+tse-F} 

X lim / du cos[ug{y + ts)]\g^{y + ts)\dt 
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It follows from the choice of F, condition (b), and ([TS]) that we may apply 
Lebesgue's theorem: 

r(^) f f 

X / du cos[ug{x + ts)]\g'i.{x + ts)\dt. 

J-R J{x+ts£F} 

All the domains of integration are of finite measure and the integrands are bounded. 
Therefore we may apply Fubini's Theorem: 

Ad-i(g ^(0)) = . .rfin/a lim / du Hd-i{ds) / dy 

X / cos[ug{x + ts)]\g'i.{x + ts)\dt 

J {x+tseF} 

r(^) . f f 

— ^ lim / du ^d-i{ds) / cos[ug{x)]\{'Vg{x),s)\dx 



CO 



du / ^d-iids) / cos[ug{x)]\{\'g{x),s)\dx 



47r(d+l)/2 

To complete the proof it remains to apply Lemma [5] 

□ 

Let us proceed to the proof of the second theorem. 

Proof of Theorem To apply Theorem [T] we have to show that G satisfies condi- 
tions (a), (b) almost surely. It easily follows from (a') that (a) holds almost surely. 
Further, using (b'), Fubini's theorem, and Xd^i[dF] < oo, we obtain 

EXd-i[G-\0)ndF]=E f l{G{y)^0}dXd-i{y)^ f P {G{y) = 0} dXd-i{y) ^ , 

JdF JdF 

which implies that (b) holds a.s. 

Firts let us prove the theorem for the case when cr = 1. From ^ we get 



EArf_i(G^i(0)) =E— / du f cos[uG(a;)] ||VG(x)||dx 
27r y_oo Jf 



= — E lim / du [ cos[MG(a;)] ||VG(a;) lldx . 
27r R^co J_j^ Jp 

It follows from the choice of F, condition (a'), and (TTTl) that we may apply Lebesgue's 
theorem: 

EA<i-i(G"^(0)) = -!- lim E / du ( cos[uG[x)]\\\/G{x)\\dx 

= -!- lim / dx I E(cos[MG(a;)] ||VG(a;)||| . 
zttR-^ocJp L ) 

We may use Fubini's Theorem in the last equality on account of 

d 

|cos[uG(x)]| ||VG(a;)|| ==: ||VG(a;)|| «C ^ \G'j{x)\ 

and 



E 



/R p d, d 

du / V |G^(x)|dx<2i?|F|VEsup|G^-(a;)| <oo 
-R Jf ■, , xeF 
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The right-hand side is finite because the supremum of a continues Gaussian field 
defined on a compact is summable (see [TO])- 
Differentiating ct^ = 1, we get 

OXi OXi 

Therefore, by Kolmogorov's Theorem on differentiation of mathematical expecta- 
tions with respect to a parameter (see [J), we have 

In other words, G does not correlate with the components of the vector VG which 
is equivalent to the independence in the Gaussian case. Thus, 

E { cos[uG(2:)] ||VG(x)||} = E cos[uG(a;)] E || VG(a;)|| = Re {Ee™^(^'}E ||VG(a;)|| 
= Re{e"""(^)-"'/2|E||yg.(^)|| ^ cos[um(a;)] e^^'/^E ||y(^(^)|| _ 

which implies 

EA<j-i(G"\0)) = — lim / E || VG(a;)|| da; / cos[um{x)]e~'^^ /'^ du . 
2ttB.^ooJp J_j^ 

Using Lebesgue's Theorem and the formula 

/oo 
cos[um(x)]e-"'/2du = \/2;^Re{Ee™(")^(°'i)} = V2^e-™'(")/2 ^ 
-oo 

we obtain 

(21) EXd-i{G-^{0)) = — [ E||VG(a;)||dx lim / cos[um(a;)] e""'/^ 

2'K Jp R^coJ_j^ 

\/2ti J f 

We have proved the theorem for the case when a = 1. To treat the general one 
consider the field G/cr. It has unit variance and its zero set coincides with the zero 
set of G. Thus to complete the proof it remains to apply (PT|) to G/cr. □ 
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